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ous combinations of a;, ax and a,, allowing a; to vary from
0.2 t0 0.3, 0% from 0.4 to 0.7 and a; from 1.0 to 2.4. The re-
sults indicated that the centerline mean velocity changed by
less than 109 and the maximum shear changed by approxi-
mately 30%.

Conclusion

The use of the turbulent kinetic energy equation reduces
the uncertainty introduced by the phenomenological model of
eddy viscosity. The coefficients of a; = 0.3, oy, = 0.7 and a»
= 1.5 provide reasonable predictions for most of the studied
engineering problems. However, detailed turbulence mea-
surements are very much needed if the turbulence energy
approach can be of any significance in contributing to the
basic understanding of the turbulence phenomenon.
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Relative Motion of Two Particles
in Elliptic Orbits

E. R. LANCASTER*
NASA Goddard Space Flight Center, Greenbelt, Md.

Nomenclature

§'|

position vector at time ¢, r
velocity vector at time ¢, v
eccentric anomaly at time ¢
semimajor axis, b = 1/a, ¢ = al/2
p = gravitational constant
scalar product of r and v
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VER the past decade a number of papers'—® have pre-
sented approximate solutions to the problem of the rela-
tive motion of two particles in elliptic orbits in an inverse-
square central force field. These papers have assumed
that the relative position and velocity vectors are quite
small compared to the position and velocity vectors of the
particles, and several have further assumed one of the par-
ticles to be in a circular®.? or nearly circular®* orbit. We
derive below an exact solution to this problem, subject to no
restrictions. The results have applications to problems of
rendezvous, nonlinear error analysis, station keeping, target-
ing, surveillance, and satellite clustering.
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Solution

Kepler’s equation for elliptic motion and the updating
equations for position and velocity can be written in the form?

T=0C+ A1 — cosC) — B sinC @
r=[1—H({ — cosC)lto+ [D(1 — cosC) + N sinClv, (2)
v=—(PsinC)r;+ [1 — SA — cosC)]v, 3)
where
A =r1yvy/(ke), B=1—1rb, T = kitb/c
H = a/ro, D = a(ry-vo)/u, N = roc/k
P = ke/(rre), S = a/r,C = E — E,

and a zero subseript indicates the value at time 0.

Let subscript 1 on a symbol designate the value of that sym-
bol for particle 1 in orbit 1 and subscript 2 the value for par-
ticle 2 in orbit 2. We define

y=0C—~-Ce=r—1,A=vw—v,7=T,— T,
a= A, — A
B=By—By,n=Hy— H,8 =D —Dy,v = Ns— N,
p=P,—Py,o=8 -5

If we place a subscript 1 on all symbols in Egs. (1-3) and
subtract the resulting equations from the set with subseripts 2
on all symbols, we obtain

T'=~v+ A’'(Q — cosy) — B’ siny 4)
e=(1—HF)eo + (DJF + NGy — (HQ + 9F)ry +
(D:Q + OF 4 N:R + vQ)vyy  (5)
A= —PiGe + (1 — S1F)do —
(PR + p®ra — (S:Q + aF)vs (6)

where we have defined

F =1 — cosCy, G = sinC, (7)
T'=171+4 BG — oF (8)

A’ = A, cosCy + Bg sinC, 9)

B’ = B cosCy; — A sinC, 19)

Q = cosCy(1 — cosy) -+ sinC, siny (11)
R = cosC; siny — sinC;(1 — cosy) (12)

To obtain equations for «, 3, 7, 1, 6, v, p, and ¢ which do
not suffer a loss of significant digits due to the subtraction of
nearly equal numbers, we proceed as follows:

kcA = 14-vo
k(CgAz — 01A1) = I9p°Vgp — I'y9"Vio
klea(Ae — Ay + Aglee = €1)] = Tap* Vg — Iy Vo

The last equation can be solved for «. Equations for the
other quantities can be obtained in a similar manner. The
full set follows:

kesao = T99-Voo — Tio-Vio — kAi(cs — ¢1) (13)
B = r10(b1 — bs) — ba(rg — T10) (14)

e = —kt(by — by) — Ti(c: — 1) (15)
T = as — a1 — Ha(rep — r10) (16)

w6 = as(ren Voo — Ti-Vig) + (@2 — adrip Vi a7
kv = co(rse — 710) + r10{c2 — ¢1) (18)

rrip = k(ez — ¢1) — Polra(rey — 710) + r10(re — 11)] 19)
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ro = ay — a; — Salrs — 1) (20) Fatigue Life Estimation of
ToVeg — T10°Vig = do°Tio + € Vao 21) Fluttering Panels
20 — 710 = & (T1o + T20)/ (F1o + 720) (22) E. I DowsLL*
re— 1= & (1 4 1)/(r + 1) (23) Princeton University, Princeton, N.J.
Co — € = (az — al)/(cl + C2) (24) . .
g0 — 0, = ayaa(bs — bo) 25) T is now generally appreciated that the development of

bi — by = 2(re — T10)/T10720 + Ko (Vio + veo)/u (26)
In the derivation of Eq. (26) use was made of
b=2/r —v¥/u (27)
Summary

Given 1y, ¥10, 2, %0 at time 0, the steps for finding e and A
at time ¢ follow: 1) compute rz = o + 0, V2o = Vio + o,
ro = (T T)V? vie? = Vio-Vio; 2) compute Ay, By, Ty, Hy, Dy,
N, [equation after (3)], a; and b; from Eq. (27); 3) solve Kep-
ler’s Eq. (1) for Cy; if Cy is given rather than ¢, Eq. (1) is used
to compute Tq; 4) computer; from Eq. (2) and r, = (1 m)¥%;
5) compute Pi, Si, As, Be, Ha, Do, N» [equations after (3)], a;
and b, from Bq. (27); 6) compute in order ryp-vyp — I Vi,
P90 — T10, b1 — bs, a2 — a1, ¢2 — ¢1 from Eqgs. (21, 22, 26, 25, and
24): 7) compute o, 8, 7, 1, 8, » from Egs. (13, 14, 15, 16, 17,
18); 8) compute F, G, T', A’, B’ from Egs. (7, 8,9, 10); 9)
solve Eq. (4) for v; 10) compute @ and R from Egs. (11) and
(12); 11) compute € from Eq. (5); 12) computer: = 11 + ¢,
7y = (12-12)1/%; 13 compute P: and S [equations after (3)];
14) compute p and o from Eqgs. (23, 19, 20); 15) compute &
from Eq. (6). Since v will usually be small, 1 — cosvy should
be replaced by 2 sin?(y/2) for computational purposes.

Numerical Example

We assume the two particles to be in coplanar circular orbits
with units chosen such that a;* = u. The initial conditions
are

219 = 1, Yo = 0, T = 0, Yo = 1
€z0 = 0.001, €0 = 0, Ao = 0, A\yp = —0.0004996253122

If we let ¢ = /4, solve for ry, 1, vi, V2 at time ¢ and compute
£ and X from the differences rs — r; and v; — vy, we obtain

ez = 0.0015394491, ¢, = —0.0001262154
A = 0.0011853623, A\, = 0.0004778069
Using the formulas developed in this paper we obtain
e, = 0.001539449086, ¢, = — 0.0001262154558
A = 0.001185362260, A, = 0.0004778069038
A ten-digit caleulator was used for these calculations.
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nonlinear flutter analyses of plates and shells permits the
estimation of fatigue life.! Such analyses provide not only
the dynamic pressure, Mach number, etc., at which flutter
begins but also the flutter frequency and stress levels as one
penetrates beyond the flutter boundary and into the flutter
regime itself. Knowing the stress levels and frequency in
the flutter regime, one may use a conventional fatigue curve
(stress vs number of cycles to fatigue) to estimate fatigue life
for the fluttering panel. It is the purpose of the present Note
to provide some examples of fatigue life estimation and dis-
cuss their implications for design.
For simplicity, we shall consider an isotropie, rectangular
flat plate simply supported on all edges. The principal
parameters are (see Ref. 1 for notation)

5. = (0./E)(a/h)? (1 — »?), stress
K2 = w?p,ha*/D, frequency (squared)
N* == 2¢0®/D, dynamic pressure

M, Mach number; u = pa/pxh, massratio; a/b, length/width.
The stress &., and frequency K are determined from the non-
linear flutter analysis when the other parameters, A*, M, p,
a/b, are given. Knowing &., K one can determine the di-
mensional stress, ¢, and frequency, f = «/2w for a given
panel. From a conventional fatigue curve, given o one may
determine the number of cycles to fatigue failure N. The
fatigue life is then given by T = N/f. TFor simplicity, we ap-
proximate the fatigue curve by an algebraic formula

N = (2 X 10%/0,)° )

Equation (1) is a reasonable approximation for aluminum.
Furthermore, we shall use the maximum tensile stress in Eq.
(1) to determine N. The stress in the panel varies with both
position and time. A more complicated rule for determining
N could be used where available fatigue data warrant. In
particular, the temporal variation of ¢, takes the form of a
sinusoldal variation about a mean tensile stress level. In a
more precise fatigue life estimate, this mean tensile stress
would be taken into account.

In our examples, we shall concentrate on a length/width
ratio of two and, for the most part, high supersonic Mach
number. Because of the latter, the three parameters A*,
g, M may be reduced to two, A\*/(M? — 1)Y2and u/M. In
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Fig. 1 Stress vs dynamic pressure.
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